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Abstract
Starting from a simple discrete model which exhibits a supersym-
metric invariance we construct a local, interacting, two-dimensional
Euclidean lattice theory which also admits an exact supersymmetry.
This model is shown to correspond to the Wess-Zumino model with ex-
tended N = 2 supersymmetry in the continuum. We construct a set of
four supersymmetry transformations which are local on the lattice and
are generated by the four real, scalar supercharges of the continuum
theory. It is shown how a careful choice of lattice action allows one of
these invariances to survive on the lattice. The existence of this exact
symmetry ensures that the model has vanishing vacuum energy and a
mass spectrum which exhibits a degeneracy between certain bosonic
and fermionic states for arbitrary lattice spacing. It also ensures that
the full N = 2 supersymmetry is restored without ne tuning in the
continuum limit. We have performed dynamical fermion simulations
to check the spectrum and supersymmetric Ward identities and nd
good agreement with theory.
1 Introduction
Supersymmetry is thought to be a crucial ingredient in any theory which
attempts to unify the separate interactions contained in the standard model
of particle physics. Since low energy physics is manifestly not supersym-
metric it is necessary that this symmetry be broken at some energy scale.
A set of non-renormalization theorems ensure that if SUSY is not broken at
tree level then it cannot be broken in any nite order of perturbation theory
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see eg. [1]. Thus the general expectation is that any breaking should oc-
cur non-perturbatively. The lattice furnishes the only tool for a systematic
investigation of non-perturbative eects in eld theories and so signicant
eort has gone into formulating SUSY theories on the lattice [2].
Unfortunately, there are several barriers to such lattice formulations.
Firstly, supersymmetry is a spacetime symmetry which is generically bro-
ken by the discretization procedure. In this it resembles Poincare invariance
which is also not preserved in a lattice theory. However, unlike Poincare
invariance there is usually no SUSY analog of the discrete translation and
cubic rotation groups which are left unbroken on the lattice. In the lat-
ter case the existence of these remaining discrete symmetries is sucient to
prohibit the appearance of relevant operators in the long wavelength lattice
eective action which violate the full symmetry group. This ensures that
Poincare invariance is achieved automatically without fine tuning in the con-
tinuum limit. Since generic latticizations of supersymmetric theories do not
have this property their eective actions typically contain relevant super-
symmetry breaking interactions. To achieve a supersymmetric continuum
limit then requires ne tuning the bare lattice couplings of all these SUSY
violating terms - typically a very dicult proposition.
Secondly, supersymmetric theories necessarily involve fermionic elds
which suer from so-called doubling problems when we attempt to dene
them on the lattice. The presence of extra fermionic modes furnishes yet an-
other source of supersymmetry breaking since typically they are not paired
with corresponding bosonic states. Furthermore, most methods of eliminat-
ing the extra fermionic modes serve to break supersymmetry also.
In this paper we show that there does exist a class of models which admit
an exact symmetry on the lattice which mixes bosonic and fermionic elds
- as an example we construct two-dimensional Wess-Zumino models with
extended (N = 2) supersymmetry. Furthermore, the formulation explicitly
eliminates the unwanted doubled fermion modes in a way compatible with
supersymmetry. The presence of this lattice supersymmetry ensures that the
energy of the vacuum is identically zero and that boson states are degenerate
with certain fermionic states for any lattice spacing. It also guarantees that
the full N = 2 supersymmetry is restored without ne tuning as a! 0.
In section 2. we start by presenting a a simple lattice model which ex-
hibits an exact symmetry of SUSY type. We show that by an appropriate
choice of fermion operator this model can describe supersymmetric quantum
mechanics treated as a Euclidean lattice theory. In section 3. we will gener-
alize this construction to two-dimensional eld theory. In this case we will
see that this is only possible in an interacting theory if certain integrability
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conditions are satised - we will see that this implies that the continuum
model has N = 2 supersymmetry. Furthermore, we are able to write down
explicitly the set of exact and approximate supersymmetries exhibited by
the lattice theory. Section 4. presents a discussion of the lattice Ward iden-
tities which follow from this symmetry and an explicit calculation of the
vacuum energy. Section 5. contains our numerical results while section 6.
presents our conclusions.
2 Simple SUSY Lattice Model
Consider a set of P real commuting variables xi and two sets of P real grass-









with the eld Ni(x) an arbitrary function of xi. It is easy to see that this
action is invariant under the following SUSY transformation.
1xi =  i
1 i = Ni











f j ; g+
which vanishes on account of the grassmann nature of the innitesimal pa-









f k;  jg+
also vanishes for similar reasons.
If we choose the elds x;  ;  to lie on a spatial lattice equipped with
periodic boundary conditions and take the fermion matrix Mij = @Ni@xj to be
of the form




where the symmetric dierence operator DSij replaces the continuum deriva-








and P 00ij(x) is some (local) interaction matrix polynomial in the scalar elds
x, it is simple to show that the model is just supersymmetric quantum
mechanics regularized as a 0 + 1 dimensional Euclidean lattice theory [3].
Furthermore it is trivial to nd a eld Ni(x) which yields this fermion matrix
under dierentiation
Ni = DSijxj + P
0
i (x)
Notice, however, that the resulting bosonic action 12N
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i is not a simple dis-







(@x)2 + (P 0(x))2

as it contains a new cross term C = P 0i (x)DSijxj which would be a total
derivative (and hence zero) in the continuum but is non-vanishing on the
lattice and required to ensure the transformation eqn. 2 is an exact symmetry
of the theory. Notice that this extra term also vanishes on the lattice for a
free theory where P 0(x) = mx because of the antisymmetry of the matrix
DSij .
Notice that if I imagine changing variables in the partition function Z =R
Dxe−S(x; ; ) from x to N the Jacobian resulting from this transformation
cancels the fermion determinant yielding a trivial gaussian theory in the
eld N . This is an example of a Nicolai map and the existence of such a
transformation of the bosonic degrees of freedom can be shown to imply an
exact supersymmetry [4]. While most supersymmetric theories admit such
a map, in the generic case it is non-local - that is the mapped Nicolai eld
N will be a function of arbitrarily high derivatives of the original boson eld
x. In the case of SUSY quantum mechanics (and as we will see later the
N = 2 Wess-Zumino model) the expression is local. It can then serve as a
basis for constructing a lattice theory with an exact supersymmetry as was
pointed out in [5], [6].
So far we have neglected the fact that the form of the fermion action
appears to admit doubles - the symmetric dierence operator DSij behaves
like sin ka in lattice momentum space yielding zeroes at both ka = 0 and
the Brillouin zone boundary ka = . Indeed, both the fermionic and bosonic
actions now contain spurious modes which are not part of the continuum
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theory. The extra bosonic modes arise from using DSDS as the kinetic op-
erator rather than the usual scalar lattice Laplacian 2 = D+D−. However,
we can use our freedom in choosing the interaction matrix P 00ij(x) to add a
Wilson term to the fermion action
P 00ij(x) = −DAij + local interaction terms




ij−D−ij) = 2ij. By construction this eliminates
the doubles from the free fermion action completely; what is, perhaps, more
surprising is that it also renders the boson spectrum double free too. This
can be seen to be a consequence of the lattice supersymmetry.
One further observation is in order. Consider a second supersymmetry
transformation
2xi =  i
2 i = N i




= −MTij = DSij − P 00ij(x)









but transforms into the supersymmetry variation of (twice) the cross term
C. As we have argued, for a free lattice theory or in the naive continuum
limit this term will vanish and the model will be invariant under this sec-
ond supersymmetry. For the lattice theory in the presence of interactions
(P 0(x)  gxn; n > 1), this second symmetry will be broken by terms O(ga2)
where the suppression by two powers of the lattice spacing reflects the fact
that DS = @cont +O(a2). Thus the second supersymmetry is broken only by
irrelevant operators and we expect that the continuum theory will have the
two invariances that we expect of supersymmetric quantum mechanics. We
have veried this explicitly in [3] in which a computation of both the mass
spectrum and the supersymmetric Ward identities revealed the existence of
N = 2 supersymmetry in the continuum limit.
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3 The Lattice Wess-Zumino Model
The action eqn. 1 and supersymmetry transformations eqn. 2 do not depend
strongly on the existence of a background lattice of given dimensionality {
indeed this physical interpretation only arises when we choose the form of
the fermion operator. This allows us to use it as a basis for constructing
candidate lattice eld theories in higher dimensions which admit supersym-
metry.
In two dimensions the fermions will be represented by two independent
two-component spinors whose components we will assume to be real (this
restriction will turn out to be valid for N = 2 theories in Euclidean space).
Thus we will imagine that the indices i; j can be promoted to compound
indices i! i; , j ! j;  labeling spacetime and spinor components respec-
tively. We immediately realize that there will be two scalar elds now in the
theory xi ! xi and the fermion matrix will take the form Dij ! Dij (from
now on we will use D in place of DS). Furthermore, if we take a fermion








where A(x) and B(x) are real elds then the fermionic sector of the model
reproduces a (Euclidean) lattice version of the fermion operator in the N = 2
Wess-Zumino model. We choose a Majorana basis for the Dirac matrices so
















To remove the doubles we again add a Wilson term to the interaction matrix







Having chosen this fermion matrix we can attempt to nd a vector Ni whose
derivative yields Mij . Clearly N











where fi which represent mass and interaction terms must still be deter-
mined. Ignoring for a moment the spacetime indices it is clear that strong
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@x1 = − @f1@x2
Of course these are just Cauchy-Riemann conditions. In other words the
integrability condition that M be a derivative of some vector N imposes a
complex structure on the scalar elds in the theory. Indeed, the bosonic
part of the action can now be rewritten in terms of a complex vector (1)()
whose real and imaginary parts are just the two components N1 and N2
respectively (we have again suppressed spacetime indices for clarity) SB =
1
2
(1)(1) where Re = x1 and Im = x2 and
(1) = Dz+W 0()
where we have introduced complex coordinates z = x + iy, z = x − iy so
that
Dz = D1 − iD2
with D1, D2 derivative operators in the two dimensional lattice. The sig-
nicance of the superscript on (1) will be become apparent later. W 0()
is an arbitrary analytic function of the complex eld  with  its complex
conjugate. Furthermore, in this language the elds A and B are nothing







DzDz+W 0()W 0() +DzW 0() +DzW 0()
The rst two terms go over as a ! 0 to the bosonic part of the continuum
action for the N = 2 Wess-Zumino model while the last two terms are
clearly total derivatives which will vanish both in the continuum and for a
free lattice theory. For an interacting theory they are necessary to preserve
the lattice supersymmetry transformation.













admits the following invariance
1x













determined by a single grassmann parameter  corresponding to a single
supercharge. We know that the continuum N = 2 Wess-Zumino model pos-
sesses four such supercharges corresponding to two independent two com-
ponent Majorana charges. Thus we might expect that the lattice model will
admit three further transformations which become invariances as a ! 0.
The complex form of the bosonic action immediately suggests three further
bosonic actions which will dier from each other by terms which become
total derivatives in the continuum limit. These are
(2) = Dz−W 0()
(3) = Dz−W 0()
(4) = Dz+W 0() (4)
Let Ni be the (real) two component vector corresponding to the complex











(2)(2) + M (2)!
where  and ! are new anticommuting spinor elds. S(2) will, of course,
possess a new supersymmetry invariance involving now not the vector N
but N . Furthermore it is easy to see that M (2) = iγ5Miγ5. Hence these
two lattice theories generate (up to total derivative-like terms) the same
continuum action. Indeed, if we make the identications
 = iγ5!
 = iγ5 (5)



















The variation of the action under this second supersymmetry involves the
supersymmetry variation of terms which vanish as total derivatives in the
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continuum limit. On the lattice these terms will be of order ga2 with g a
typical interaction coupling. Hence, at least in perturbation theory such a
term would constitute an irrelevant operator and the continuum limit should
exhibit without fine tuning a second exact invariance.





where the vector Q again carries the real and imaginary parts of (3).
Again, M (3) may be expressed in terms of the original M
M (3) = −MTγ1
which proves that an action based around (3) will once again constitute a
lattice theory of the continuum Wess Zumino model with yet another super-
symmetry. In terms of the original fermion elds this third transformation
















The nal approximate invariance can be derived similarly from (4) (or its


















Thus far we have again assumed that the variation of the fermion matrix
under these supersymmetry transformations is zero. However, the simple
proof we gave in the previous section for the absence of such a term in S
does not hold when the variation of the eld x involves non-trivial gamma
matrices acting on  or  . If we examine the general structure of such a
variation we nd that it has the form (we suppress spacetime indices which






where ,  represent either  or  . This can be seen to be the trace of a
product of a symmetric matrix (the term involving derivatives of f) with the
gamma matrix Γ and the antisymmetric matrix formed by the product of
the  terms. Thus, for Γ = γ1 or Γ = γ2 this is the trace of an antisymmetric
matrix and is hence zero. For Γ = iγ5 the resultant matrix is now symmetric
but the trace can be shown to still vanish as a consequence of the Cauchy-
Riemann conditions applying to the derivatives of f .
4 Ward Identities
4.1 Quantum Mechanics
The invariance of the quantum mechanical lattice action under the discrete
supersymmetry transformation eqn. 2 leads to a set of Ward identities con-
necting bosonic and fermionic correlation functions. We can derive these
following the usual procedure by adding a set of source terms to the action
and carrying out an (innitesimal) supersymmetry variation of the elds.
Since the partition function, measure and action are all invariant under this
change of variables we immediately derive the result






Indeed any derivative of this expression with respect to the source terms
(which are set to zero at the end) is also vanishing. Thus we are led imme-
diately to the rst non-trivial supersymmetric Ward identityD
 i j
E
+ hNixji = 0
relating the fermion correlation function to one depending only on bosonic
elds. Notice also that in the continuum limit there will be a second set of





















whereQ is some (integer) power. We will use this result now to help compute
the mean Euclidean action.
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Consider the generalized partition function
Z() =
Z
DxD D e−S(x; ; ) (10)
then
hSi = −@ lnZ
@
Let us restrict ourselves to lattice actions of the form
Ni = Dijxj +Mijxj + gx
Q
i
To perform a simulation of this model we replace the integral over anticom-
muting elds  ,  by one over a (real) pseudofermion eld  whose action
SPF = T (MTM)−1 yields the same fermion determinant det(M(x)). A
simple scaling argument allows us to rewrite eqn. 10 as
Z(; g) = NZ(1; g0)
where g0=g = 
(1−Q)
2 and N is just the number of degrees of freedom we
integrate over. Hence we nd the following expression for the expectation












The second term on the right vanishes by virtues of the Ward identity eqn 9
and we see that the mean action (with  = 1) merely counts the number of
degrees of freedom! This, perhaps, surprising result can be understood in
a simple way: if we integrate out the fermions then the Euclidean action is
nothing more than (minus) the classical bosonic Hamiltonian for the system.
If we revert to a canonical approach the mean value of the latter is nothing
but the vacuum expectation value of the quantum Hamiltonian operator
- i.e the vacuum energy. But we know that the latter is always zero if
supersymmetry is not broken - hence our result for the mean action is merely
a translation of this familiar result to the Euclidean lattice theory (the non-
zero value is not signicant - it results from the integration over free elds -
in the original fermion variables this would be zero as the bosons contribute
N=2 and the fermions −N=2. When we replace  ,  by the pseudofermion
eld  we lose the extra minus sign). This result gives a sensitive test of
our simulation code and would in principle serve as an order parameter for
spontaneous supersymmetry breaking in the lattice theory.
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4.2 Wess-Zumino Model
The analysis of the previous section carries over to the Wess-Zumino model
with the appropriate interpretation of the index and eld content. Thus
we expect the mean lattice action to be equal to the number of degrees
of freedom < S >= 2L2 for a lattice of linear size L (the two counts the
two real degrees of freedom at each lattice point in either boson or fermion
sector). Likewise we expect the Ward identity based on the variation 1 to
be exact for arbitrary lattice spacing.D





























































To check these conclusions we have chosen to simulate the model forW 0() =
+g2. We show data for  = 10 g = 0 and g = 3. We have used a hybrid
monte carlo algorithm [7] to handle the integration over the pseudofermion
elds. In order to reduce the computation time for large lattices we have
implemented a renement of this algorithm using Fourier acceleration tech-
niques. Details are given in [3] and more recently [8]. In the latter paper we
show that the autocorrelation time for SUSY quantum mechanics is drasti-
cally reduced - the dynamical critical exponent z is reduced from z  2 for
the usual HMC algorithm to z  0 with fourier acceleration. In the Wess
Zumino case the gains are also large. Using this algorithm we have amassed
1  106 HMC trajectories at L = 4, and L = 8, 2  105 HMC trajectories
at L = 16 and 2  104 HMC trajectories at L = 32 (notice that we hold
the physical parameters xed as we take the continuum limit implying the
lattice mass and coupling should be scaled to zero like 1=L)
Table 1. shows the mean action as a function of lattice size for both
g = 0 and g = 3. As is evident the mean action is close to the predicted
value of 2L2 consistent with a non-breaking of SUSY (this is expected since
the Witten index for this model  = 2).
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Table 2: Massgaps vs lattice size for m = 10:0 and g = 3:0
Fig. 1 and g. 2 show the bosonGB(t) and fermionG
F
(t) zero-momentum
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By tting these correlators to simple cosh and exponential functions
respectively we have computed the massgaps of the theory at dierent lattice
spacings a = 1=L. Table 2. shows our results. It is clear that the boson
and fermion masses are degenerate within statistical errors and increase
smoothly with decreasing lattice spacing.
Fig. 3 is a plot of physical (fermion) mass mg(a) extracted from the
simulations as a function of lattice spacing. For small g=m we expect per-












which yields mpertg = 9:65 for g = 3:0. It is encouraging that reasonable
extrapolations of the lattice data to a = 0 are consistent with this value.
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These numerical results are also consistent with ones which were previously
obtained using a stochastic approach based on the Nicolai map [9].
Finally we have checked the four Ward identities written down in the last
section. Fig. 4 shows a plot of −GF22(t) and < x2(0)N2(t) > versus time t
(again we have performed a transverse average of the correlators). The rst
Ward identity requires the sum of these two curves to vanish { clearly to a
very good statistical accuracy the numerical data support this conclusion.
Indeed, the same is true for the 2nd Ward identity as g. 5 reveals which
plots GF22(t) vs < x1(0)N 1(t) >. Again, if the 2nd Ward identity were to
hold exactly the sum of these two curves would again vanish { and it appears
that the data are consistent with this. At rst sight this is surprising since
this Ward identity only holds strictly in the continuum limit. However,
the predicted splitting at nite lattice spacing should be O(ga2) which is
smaller than our statistical errors and hence unobservable. Similar results
are obtained for the other Ward identities and lend strong support to the
existence of a supersymmetric structure underlying the lattice theory.
6 Discussion and Conclusions
We have shown that it is possible to write down a lattice action for the
two dimensional Wess Zumino model with N = 2 supersymmetry in such
a way that a fraction of the continuum supersymmetries are left unbroken.
This property can be traced to the existence of a local Nicolai map for the
model which was rst realized in [5] and utilized more recently in a lattice
calculation in [9]. We have extended this previous analysis by deriving the
model from an underlying quantum mechanical system and exhibiting the
supersymmetries, exact and approximate, explicitly. We have argued that
the existence of this lattice supersymmetry guarantees the restoration of the
full, continuum supersymmetry without ne tuning in the continuum limit.
These conclusions have been checked by an explicit numerical simulation
of the Euclidean lattice theory in which the boson and fermion massgaps
and a set of supersymmetric Ward identities were computed at a variety of
lattice spacings. Perfect agreement with theory was found.
Of course the interesting question is whether one can generalize these
techniques to gauge models in higher dimensions. A Nicolai map is known
for the continuum N = 2 super Yang Mills model in two dimensions [10]
(indeed it can be obtained by dimensional reduction of a map for N = 1
super Yang Mills in four dimensions). Unfortunately, a naive transcription
to the lattice is problematic since the map utilizes an explicit noncompact
14
formulation for the gauge eld. Replacing continuum derivatives by nite
dierences as for the Wess Zumino model would then lead to an action which
was not gauge invariant.
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Figure 1: Boson Correlator at L = 16 and m = 10:0, g = 3:0
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Figure 2: Fermion Correlator at L = 16 and m = 10:0, g = 3:0
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Figure 3: Massgaps vs lattice spacing a = 1=L for m = 10:0, g = 3:0
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Figure 4: Fermionic and Bosonic Contributions to 1st Ward identity for
m = 10:0, g = 3:0
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Figure 5: Fermionic and Bosonic Contributions to 2nd Ward identity for
m = 10:0, g = 3:0
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